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Abstract. Tn this paper the method of transmission matrix is applied for investigating 
planar mechanisms [5- 7] . As is known, in many engineering problems, for example, 
in the problem of synthesis and analysis of motion, the following problem is more and 
more interested. There is an object (a particle or body) connected with a frame of 
reference, which moves with respect to another frame . It is necessary to define the 
configuration (the position, velocity, acceleration) of the object under consideration in 
the latter frame.There are two types of the frame of reference. A frame that is fixed in 
time named inertia frame or global frame of reference and the frame attached to each 
body of the system- the body frame of reference. The problem is stated now as follows: 
Determine the configuration in global frame of a particle fixed in any body of the system. 
In this paper a method is constructed for solving such a problem by means of trans-
mission matrices. 
The obtained results are illustrated by examples. 
1. THE FORMULAS FOR DETERMINING THE CONFIGURATION 
OF THE OBJECT 
Let us consider two bodies of a free loop, which are numbered as (i-1)-body and i-
body, joined together by the hinge Ai. Attach a frame of reference into each body (the 
body-frame) . The (i-1) body - frame has the origin at Ai-1 and its axis Ai- I Xi-I directing 
from Ai-l to Ai, where Ai - l is the hinge joining the (i-1) body with the (i-2) body. 
The axis Ai-lYi-1 is perpendicular to Ai-1Xi - 1 
in the direction of counter clockwise. The frame of Yi-I 
reference glued to the i-body is formed in the sim-
ilar way. The angle between Ai - 1 two frames of 
reference denoted by 'Pi, is the M rotating angle of 
the axis A-1Xi-1 to Aixi in direction of counter-
clockwise (Fig. 1) [3, 7]. Let consider the point M 
fixed on the i-body. The coordinates of the point 
M in the i-body frame are denoted by the constants 
a and band in the (i - 1) body frame - by i-Ix!v!, 
i-lYM, which are variables of time. The notation 
located at high left corner is number of the body, 
on which the particle M on. Similarly, the coor-
dinates of the point M in the inertia reference is 
denoted by 0 x M, 0 y M. Fig. 1 
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T h e  c o m p o n e n t s  o f  t h e  c o o r d i n a t e  o f  t h e  p o i n t  M  i n  t w o  f r a m e  i n  p r o g r e s s i v e  o r d e r  
a r e  r e l a t e d  b y  t h e  f o r m u l a  [ 4 ,  5 ,  7 ]  
w h e r e :  L i - 1  =  A i - 1 A i ·  
i - l X M  
i - l Y M  
1  
c o s  ' P i  
s i n  ' P i  
0  
- s i n  ' P i  
c o s  ' P i  
0  
L i - 1  
0  
1  
a 1  
a  
1  
B y  i n t r o d u c i n g  t h e  s y m b o l s  c o s  ' P i  = C i ,  s i n  ' P i  =  S i  a n d  t h e  m a t r i c e s  
c o s  ' P i  
- s i n  ' P i  
L i - 1  
T i  =  J I  s i n  ' P i  
c o s  ' P i  
0  
0  0  
1  
i - l r T  =  j j i - l X M  
i - l Y M  
1 1 1 ;  
t h e  f o r m u l a  ( 1 . 1 )  i s  w r i t t e n  i n  t h e  f o r m  
i - l r  =  T~ r .  
H e r e a f t e r  t h e  m a t r i x  i s  n o t e d  b y  t h e  b o l d  l e t t e r  
a n d  t h e  v e c t o r  i s  i d e n t i f y  a s  a ( 3  x  1 )  m a t r i x .  L e t  
u s  c o n s i d e r  a  s y s t e m  o f  k  b o d i e s  i n  p l a n e  ( w h e r e  
k = 3 ) ,  w h i c h  a r e  j o i n e d  b e t w e e n  e a c h  o t h e r  b y  t h e  
h i n g e s  A i ,  A 2 ,  . . .  ,  A k  r e s p e c t i v e l y ,  w h e r e  A
1  
i s  f i x e d  
a t  t i m e .  L e t  p u t  t h e  i n e r t i a  f r a m e  o f  r e f e r e n c e  a t  
A
1
.  F o r  s i m p l i c i t y  i n s t e a d  o f  t h e  i - b o d y  f r a m e  l e t  u s  
p u t  t h e  v e c t o r  X i  w i t h  t h e  o r i g i n  a t  A i  a n d  d i r e c t i n g  
a l o n g  t h e  a x i s  A i  x i .  T h e  a n g l e  b e t w e e n  t w o  v e c t o r s  
X i - l  a n d  X i  ( F i g .  2 ) .  I t  i s  e a s y  t o  d e r i v e  t h e  r e l a -
t i o n s h i p  b e t w e e n  t h e  c o o r d i n a t e s  o f  t h e  p o i n t  f i x e d  
t o  t h e  k - b o d y  f r a m e  ( w i t h  t h e  c o o r d i n a t e s  a ,  b )  a n d  
i t s  c o o r d i n a t e s  i n  t h e  g l o b a l  r e f e r e n c e ,  t h a t  i s  
C i  - S i  L i - 1  
S i  C i  0  
0  0  1  
i r T  =  I l a  b  l  I I  
Y i - 1  
F i g .  2  
0
x  a  
0
y  = T i  T 2 · · · T k  b  
1  1  
o r  
0
r M =  T i T 2  . . .  T k r M ,  
. . . .  
w h e r e  t h e ·  m a t r i c e s  T i ( l ,  k )  t a k e  t h e  s a m e  f o r m  a s  ( 1 . 2 )  i n  c o n s i d e r a t i o n  o f  L o = O .  
( 1 . 1 )  
( 1 . 2 )  
( 1 . 3 )  
( 1 . 4 )  
( 1 . 5 )  
( 1 . 6 )  
B y  t h e  f o r m u l a s ( l . 5 )  a n d  ( 1 . 6 )  w e  c a l c u l a t e  t h e  c o m p o n e n t s  o f  v e l o c i t y  o f  t h e  p o i n t  
M  i n  t h e  g l o b a l  r e f e r e n c e ,  t h a t  i s  
0 .  
X M  
v  =  r  = I I  
0
i J M  
0  
k  
=  ' L  c p (  * ) v i ,  
( 1 . 7 )  
i = l  
}  
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where tpi(*) is a(3 x 3) diagonal matrix of the form 
tPi 0 0 
<Pi ( *) = 0 <Pi 0 
0 0 <Pi 
and the matrixces V i ( i = 1, k) are calculated by following the formula 
Vi= Ti T2 ... T 1j ... Tk, 
39 
(1.8) 
(1.9) 
in which the matrices T i take the form (1.2), but the matrices T 'i are drawn as follows 
-Si -Ci 0 
Ci -Si 0 (1.10) 
0 0 0 
It is easy to show that the absolute angula~ velocity of the kth link is calculated by the 
formula 
(1.11) 
i=l 
T he components of acceleration of the point M in the global frame of reference are 
determined by following formula 
a= 
O· XM 
0. 
YM 
0 
k k k-1 
= L <Pi(* )vi+ L tPi( * )v~ + 2 LL tPi( * )cpj( * )vi,j, 
i=l i= l i=l j>i 
where vi is calculated by (1.9), <P(*) is a(3 x 3) diagonal matrix of the form 
tPi 0 0 
c.,Oi ( *) = 0 cpi 0 
0 0 <Pi 
but v~, Vi,j are determined by following formulas 
where 
V~. =Ti T2 ... T"i .. . Tk, 
Vj ,j = Ti T2 ... T'j .. . T'j · .. Tk, 
-Ci Si 0 
T" = i -Si -Ci 0 
0 0 0 
The absolute angular· acceleration of the kth link is of the form 
k 
Ek= LtPi· 
i=l 
(1.12) 
(1. 13) 
(1.14) 
(1.15) 
(1.16) 
( 1.17) 
In order to use the above obtained formulas it is necessary to bring to the following 
notices 
a) In the case of an open loop, i.e. when the last link of the loop under consideration 
is one end free, it is possible to apply directly these formulas 
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b )  I n  t h e  c a s e  o f  c l o s e d  l o o p ,  i . e .  t h e r e  i s  a  p o i n t  o f  t h e  l a s t  l i n k  f i x e d  a t  t i m e  w i t h  
r e s p e c t  t o  t h e  g l o b a l  f r a m e  o f  r e f e r e n c e ,  f i r s t  i t  i s  n e c e s s a y  t o  f i n d  t h e  c o n f i g u r a t i o n  
o f  t h i s  p o i n t .  
B y  s u c h  a  w a y  w e  g e t  t w o  e q u a t i o n s  f o r  e a c h  k i n d  o f  t h e  c o n f i g u r a t i o n  ( t h e  
p o s i t i o n ,  v e l o c i t y ,  a c c e l e r a t i o n ) .  S o l v i n g  t h e  o b t a i n e d  e q u a t i o n s  w e  d e t e r m i n e  t h e  
c o n f i g u r a t i o n  o f  t h e  s y s t e m  u n d e r  c o n s i d e r a t i o n .  
c )  W h e n  t h e  s y s t e m  i s  a  s e m i - c l o s e d  l o o p ,  i . e .  w h e n  a  p o i n t  o f  t h e  l a s t  l i n k  m o v e s  
a l o n g  a n y  c u r v e  f i x e d  i n  t h e  g l o b a l  f r a m e  o f  r e f e r e n c e ,  i t  i s  n e c e s s a r y  t o  w r i t e  t h e  
c o n f i g u r a t i o n  e q u a t i o n s  f o r  t h i s  p o i n t ,  b y  w h i c h  w e  w i l l  f i n d  t h e  c o n f i g u r a t i o n  o f  
t h e  s y s t e m .  
2 .  A P P L I C A T I O N  
E x a m p l e  1 .  L e t  u s  c o n s i d e r  a  f r e e  l o o p  o f  t h r e e  
l i n k s  ( F i g .  3 ) .  W e  p u t  t h r e e  b o d y  f r a m e s  o f  r e f - A  1  
e r e n c e  a s  i n  t h e  F i g .  3  [ 5 ,  6 ] ,  w h i c h  a r e  e x p r e s s e d  
b y  t h r e e  v e c t o r s  x 1 ,  x 2 ,  X 3 .  T h e  g l o b a l  f r a m e  o f  
r e f e r e n c e  i s  n o t e d  b y  t h e  v e c t o r  x o .  B y  s u c h  a  
w a y  t h e r e  a r e  t h r e e  t r a n s m i s s i o n  m a t r i c e s ,  t h a t  
a r e  
C 1  
- 8 1  
Q  I  
T ,  ~ [  
c 2  
- 8 2  
T 1  = I I  8 1  
C 1  
o  I  .  
8 2  
c 2  .  
0  
0  
1  I  '  
0  0  
L 1  
l ;  T ,  ~ 
0  
1  
I n  a c c o r d a n c e  w i t h  t h e  r u l e s  ( 1 . 1 0 ) ,  ( 1 . 1 6 )  w e  h a v e  
- 8 1  
T 1  = I I  
C 1  
0  
- c 1  
T
l l  
1  =  
- 8 1  
0  
- c 1  
- S 1  
0  
8 1  
- c 1  
0  
0  
0  
0  
,  
T~= 
0  
0  I ;  T~ =  
0  
- 8 2  
C 2  
0  
- c 2  
- 8 2  
0  
- c 2  
- s 2  
0  
8 2  0  
- - c 2  0  
0  0  
0  
0  
0  
,  
r ; =  
.  T "  
,  3  =  
F i g .  3  
C 3  
- 8 3  
L 2  
8 3  
0  
- 8 3  
C 3  
0  
- C 3  
- 8 3  
0  
C 3  
0  11 .  
0  
1  
- C 3  
- 8 3  
0  
8 3  0  
- C 3  0  
0  0  
0  
o  I I ·  
0  
( 2 . 1 )  
( 2 . 2 )  
( 2 . 3 )  
L e t  u s  c o n s i d e r  t h e  p o i n t  M  f i x e d  i n  t h e  3 t h  - l i n k  a n d  h a v i n g  t h e  b o d y - c o o r d i n a t e s  
t o  b e  a  a n d  b .  T h e  c o m p o n e n t s  o f  c o o r d i n a t e  o f  t h e  p o i n t  M  i n  t h e  g l o b a l  r e f e r e n c e  a r e  
c o m p u t e d  b y  f o l l o w i n g  t h e  f o r m u l a  ( 1 . 5 ) ,  t h a t  a r e  
O X M  I  
O Y M  I =  T i T 2 T 3  
1  I  
a  
b  
1  
a c 1 2 3  - b 8 1 2 3  +  L 2 c 1 2  +  L 1  c 1  
a 8 1 2 3  +  b c 1 2 3  +  L 2 8
1 2  
+  £
1  
8 1  
1  
T h e  c o o r d i n a t e s  o f  t h e  p o i n t  M  i n  t h e  g l o b a l  r e f e r e n c e  a r e  o f  t h e  f o r m  
0
x M  =  a c 1 2 3  - b s 1 2 3  +  L 2 c 1 2  +  L 1 c 1  ;  
0
Y M  =  a 8 1 2 3  +  b c 1 2 3  +  L 2 8 1 2  +  L 1 s 1 ,  
w h e r e  t h e  f o l l o w i n g  s y m b o l s  a r e  u s e d  
c 1 2 3  =  c o s ( < p 1  + < p 2 + < p 3 ) ;  8 1 2 3  =  s i n ( < p 1  + < p 2 + < p 3 ) ;  c 1 2  =  c o s ( < p 1  + c p 2 ) ;  8 1 2  =  s i n ( c p 1  + c p 2 ) .  
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In order to calculate the components of the velocity of the point M in the global 
reference, let us write the formula (1.7). For this purpose we calculate the matrices 
V1, v2, V3 by means of formula ( 1. 9), that are 
V= 
-as123 - bc123 - (L2s12 + L1 s1) 
v1 = T~T2T3r = ac123 - bs123 + L2c12 + L1c1 
0 
-(as123 + bc123 + L2s12) 
V2 = T1T;T3r = ac123 - bs123 + L2c12 
0 
II 
-(as123 + bc123) II V3 = TiT2T3r = ac123 - bs123 . 
The formula (1.7) takes the form now 
0 · XM 
O· YM 
1 
-(as123 + bc123 + L2s12 + L1s1)<P1 - (as123 + bc123 + L2s12)<P2 - (as123 + bc123)<j;3 
(ac123 - bs123 + L2c12 + L1c1) <P1 + (ac123 - bs123 + L2c12)<P2 + (ac123 - bs123)cp3 
0 
The components of acceleration of the point M in the global reference are computed by 
the formula (1.12), where the matrices v 1, v2 , v3 are determined as above, but the matrices 
v~ (i = 1, 2, 3), Vi ,j(i, j = 1, 2, 3) by means (1.14) , (1.15) will be 
I T"T T I Vi= 1 2 3r = I 
-(ac123 - bs123 + L2c12 + L1ci) 
-(as123 + bc123 + L2s12 + L1s1) 
0 
-( ac123 - bs123 + L2c12) 
-(as123 + bc123 + L2s12) 
0 
-ac123 + bs123 
-(as123 + bc123) 
0 
-(ac123 + bs123 + L2c12) 
-(as123 + bc123 + L2s12) 
0 
-(ac123 + bs123) I 
-as123 - bc123 
1 
; 
o I 
1. 
I 
-( ac123 + bs123) 
-(as123 + bc123) 
0 
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B y  a p p l y i n g  t h e  ( 1 . 1 2 )  i t  i s  e a s y  t o  f i n d  · t h e  c o m p o n e n t s  o f  a c c e l e r a t i o n  o f  t h e  p o i n t  
M  i n  t h e  g l o b a l  r e f e r e n c e ,  t h a t  a r e  
0
x M  =  - ( a s 1 2 3  +  b c 1 2 3  +  L 2 s 1 2  +  L 1 s 1 ) < P 1  +  ( a s 1 2 3  +  b c 1 2 3  +  L 2 s 1 2 ) < P 2  
+  ( a s 1 2 3  +  b c 1 2 3  +  L 2 s 1 2 ) < . i J 3  - 2 ( a c 1 2 3  - b s 1 2 3  +  L 2 c 1 2  +  L 1 c i ) t . P i  
- ( a c 1 2 3  - b s 1 2 3  +  L2c12)t.P~ - ( a c 1 2 3  +  bs123)tp~ - 2 ( a c 1 2 3  +  b s 1 2 3  - L 2 c 1 2 ) t . P 1 t . P 2  
- 2 ( a c 1 2 3  - b s 1 2 3 ) c p 1 c p 3  - 2 ( a c 1 2 3  +  b s 1 2 3 ) c p 2 c p 3 .  
0
y M  = ( a c 1 2 3  - b s 1 2 3  +  L 2 c 1 2  +  L 1 c 1 ) < P 1  +  ( a c 1 2 3  - b s 1 2 3  +  L 2 c 1 2 ) < P 2  +  ( a s 1 2 3  +  b c 1 2 3 ) < . i ) 3  
- (  a s 1 2 3  +  b c 1 2 3  +  L 2 s 1 2  +  L 1  s i ) < P i  - (  a s 1 2 3  +  bci
23
t.P~ - ; - (  a s 1 2 3  +  bc123)tj/~ 
- 2 ( a s 1 2 3  +  b c 1 2 3  +  L 2 s 1 2 ) < P 1 < P 2  - 2 ( a s 1 2 3  +  b c 1 2 3 ) c p 1 c p 3  - 2 ( a s 1 2 3  +  b c 1 2 3 ) c p 2 c p 3 .  
O f  c o u r s e ,  i n  t h e  c a s e  o f  u s i n g  n u m e r i c a l  m e t h o d s ,  i t  i s  u n e c e s s a r y  t o  w r i t e  t h e  e x p r e s s i o n s  
i n  a n  u n i v e r s a l  f o r m ,  f o r  e x a m p l e ,  i n  t h e  c a s e  o f  a  l o o p  o f  m a n y  l i n k s .  
E x a m p l e  2 .  L e t  u s  c o n s i d e r  a  s l i d e r - c r a n k  m e c h -
a n i s m .  T h e  c r a n k  O A  r o t a t e s  a b o u t  0  w i t h  a n -
g u l a r  v e l o c i t y  a n d  a c c e r a t i o n  w
1  
a n d  c 1 ,  r e s p e c -
t i v e l y .  T h e  l e n g t h  o f  t h e  c r a n k  O A  i s  r = 0 . 4  m ,  
b u t  t h e  o n e  o f  t h e  c o n n e c t i n g  r o d  A B  i s  L = 2  m .  
D e t e r m i n e  t h e  a n g u l a r  v e l o c i t y  a n d  a c c e l e r a t i o n  
o f  t h e  c o n n e c t i n g  r o d  a t  c p  =  ~ ( F i g .  4 ) .  
T h e  m e c h a n i s m  u n d e r  c o n s i d e r a t i o n  i s  a  s e m i -
c l o s e d  l o o p ,  b e c a u s e  t h e  p o i n t  o f  t h e  l i n k  A B ( l a s t  
l i n k )  m o v e s  a l o n g  t h e  h o r i z o n t a l  l i n e ,  f i x e d  i n  t h e  
i n e r t i a  f r a m e  o f  r e f e r e n c e .  T h e  s y s t e m  c o n s i s t s  o f  
x ' 1  
' I . :  
F i g .  4  
t w o  l i n k s  j o i n e d  e a c h  o t h e r  b y  t h e  h i n g e  A .  T h e  g l o b a l  r e f e r e n c e  i s  r e p r e s e n t e d  b y  v e c t o r  
x o  i n  h o r i z o n t a l  d i r e c t i o n  t o  r i g h t  s i d e .  T h e  b o d y - f r a m e s  a r e  r e p r e s e n t e d  b y  t h e  v e c t o r s  
X 1 ,  X 2 ,  X 3  a s  s h o w n  i n  F i g ,  4 .  T h e  p o i n t  B  l o c a t e d  a t  t h e  s e c o n d  l i n k .  I t s  b o d y - c o o r d i n a t e s  
a r e  ( - 2 ,  0 ) ,  b u t  t h e  g l o b a l  c o o r - d i n a t e s  a r e  ( x B ,  0 ) .  I n  o r d e r  t o  w r i t e  t h e  c o n f i g u r a t i o n  
e q u a t i o n s f o r  t h e  c o n s i d e r e d  s y s t e m  i t  i s  n e c e s s a r y  t o  d e t e r m i n e d  t h e  t r a n s m i s s i o n  m a t r i c e s  
T
1
,  T 2 ,  T~, T~, T~, T~ , w h i c h  a r e  o f  t h e  f o r m  
C1  
- 8 1  
0  
C 2  
- s 2  
0 . 4  - S 1  - C 1  0  
T 1  = I I  s 1  
C 1  
0  
;  T 2 =  s 2  C 2  
0  
;  
T '  -
1  -
C1  
- s 1  0  
0  0  
1  
0  0  
1  0  
0  0  
! !  - s ,  
T  :  ! ! ;  
! !  - c ,  
, ,  0  ! !  
! !  - c ,  
s 2  o  I I  
T~ =  c 2  ~ s 2  
T ' f  =  
0
s 1  
- O c 1  i ·  i  
T~ =  - 0 ' 1 ' 1  
- C 2  0  
a  
0  
7 r  
A t  t h e  g i v e n  p o s i t i o n  o f  t h e  m e c h a n i s m  w e  h a v e :  c p
1  
=  
2
.  T h e r e f o r e :  c 1  = - O ;  s 1  =  1 .  
I n  o r d e r  t o  d e t e r m i n e  t h e  p o s i t i o n  o f  t h e  s y s t e m  a t  g i v e n  t i m e ,  i . e .  t h e  v a l u e  o f  t h e  
a n g l e  c p 2 ,  l e t  u s  w r i t e  t h e  e q u a t i o n  ( 1 . 5 )  f o r  t h e  p o i n t  B  i n  c o n s i d e r a t i o n  o f  t h e  a b o v e  
J  
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calculated values, that are: 
ox* B 
O = TiT2r = 
1 
43 
Hereafter the symbol "*" located on high right corner of the letter denotes the value 
of the quantity at t he given instant of time. 
The obtained matrix equation is equivalent to following two equat ions: 
0 x'8 = - 2s;; - 2c; + 0.4 = 0. 
The angle cp2 is defined by c2 = 0.2; s2 = JQ.96, but the coordinates of the point B 
at the given instant of time is equal to (2Jo.§6; 0). 
For solving the problem of velocity, we apply the formula ( 1. 7) . First let us to calculate 
the matrices v 1 , v 2 at the given time, t hat are 
0.4 
* T *T 1* lr\fV5 V2 = 1 2 r = 2y 0.96 
0 
By means of ( 1. 7) we calculate 
O·* 0 4 "* 0 4 xs = · 'P1 = · w1; 
Because the velocity of the point B is in horizontal direction, i.e. 0 i;8 = 0, we have 
then 
0 = <Pi + 0; _, 0; = -0i. 
Absolute angular velocity D2 of the connecting rod AB is determined by means of 
(1.11) : 
n; = 0i + 0; = o. 
This means that at the given instant of time the rod AB is in instantaneous translation. 
The velocity of the point B is equal to 
* -
0
"* 04" * * v B = x B = . 'P1 = rw1 = VA. 
It is clear , because the rod AB is in instantaneous translation. 
In order to determine acceleration it is necessary to write the equation ( 1.12) . For t his 
aim, let us calculate the matrices v~ , v~ , v1 ,2 corresponding to the given of t ime. That are 
- 2v'G.96 
0 
0 
1 
* * fl * * * II* [
- 2Jo.96 l ;v2 = T 1T 2 r = 004 ; v 1 ,2 = T 1T 2 r = -2Jo.96 0.4 0 
By writting and developping t he equat ion (1.12) the components of acceleration of t he 
point B in the global reference will be 
0x8 = 0.4<f?2 - 2J0]60i* - 2/0]60~* - 4/0]G<Pi<P2; 
0:Y8 = 2VD.960i + 2VD.960; + 0 .40~* + o. s0r0; = 0 
Solving t he last equat ion in consideration of 02 = - <Pi, we obtain 
""* ""* 0.2 · 2* 
'P2 = - cp l + y'Q.96'P1 
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T h e  a b s o l u t e  a n g u l a r  a c c e l e r a t i o n  o f  t h e  r o d  A B  a r e  o f  t h e  f o r m  
*  . .  *  ""*  0 . 2  · 2 *  0 . 2  2  
€ 2  =  < p l  +  < p 2  =  v f c ) . 9 6 < . p l  =  v l c f . 9 6 W l  ·  
I t  i s  e a s y  t o  f i n d  t h e  a c c e l e r a t i o n  o f  t h e  p o i n t  B  a t  t h e  g i v e n  i n s t a n t  o f  t i m e  i n  t h e  
g l o b a l  r e f e r e n c e  
0  0 8  0 . 0 8  2  
a ' B  =  
0
x ' 8  =  - 0 . 4 y ; i  +  ~<Pi* =  - 0 . 4 c 1  +  / 5 ] 6 w 1  ·  
E x a m p l e  3 .  L e t  c o n s i d e r  a  f o u r  b a r  m e c h a -
n i s m .  T h e  r o d  A B  a n d  D C  a r e  s a m e  l e n g t h  
R = 0 . 4  m .  T h e  l e n g t h  o f  t h e  c o n n e c t i n g  r o d  B C  
i s  L = 0 . 2  m  D e t e r m i n e e  a n g u l a r  v e l o c i t y  a n d  a c -
c e l e r a t i o n  o f  t h e  c o n n e c t i n g  r o d  B C  w h e n  t h e  
m e c h a n i s m  t a k e s  t h e  p o s i t i o n  s h o w n  i n  t h e  F i g .  5 .  
A t  t h e  g i v e n  i n s t a n t  o f  t i m e  t h e  c r a n k  A B  r o -
t a t e s  a b o u t  A  w i t h  t h e  a n g u l a r  v e l o c i t y  a n d  a c -
c e l e r a t i o n  w 1 ,  € 1 ,  r e s p e c t i v e l y .  T h e  s y s t e m  u n -
d e r  c o n s i d e r a t i o n  c o n s i t s  o f  t h r e e  m o v i n g  b a r s .  
T h i s  i s  a  c l o s e d  l o o p  b e c a u s e  t h e  p o i n t  D  o f  t h e  
l a s t  l i n k  i s  f i x e d  i n  t h e  i n e r t i a  r e f e r e n c e .  L e t  u s  
c h o o s e  t h e  g l o b a l  r e f e r e n c e  r e p r e s e n t e d  b y  t h e  
x ' 2  
F i g .  5  
x ' 1  
D  
v e c t o r  x
0
,  h a v i n g  t h e  o r i g i n  a t  A  a n d  d i r e c t i n g  t o  t h e  r i g h t  s i d e .  T h e  b o d y  f r a m e s  o f  
r e f e r e n c e  a r e  c h o s e n  a s  i n  F i g .  5 .  A t  t h e  i n t e r e s t  p o s i t i o n  o f  m e c h a n i s m  w e  h a v e  
7 r  
< p 2  =  2 '  < p 1  +  < p 3  =  7 r - >  c 2  =  0 ,  s 2  =  1 ,  c 3  =  - c 1 ,  s 3  =  s 1 .  
L e t  u s  w r i t e  t h e  c o n f i g u r a t i o n  e q u a t i o n  f o r  t h e  p o i n t  D ,  w h i c h  h a s  t h e  g l o b a l  a n d  b o d y  
c o o r d i n a t e s  a r e  ( 0 . 2 ,  0 )  a n d  ( 0 . 4 ,  0 )  r e s p e c t i v e l y .  · F o r  t h i s  a i m  l e t  u s  c a l c u l a t e  t h e  f o l l o w i n g  
m a t r i c e s  
c *  
1  
- s r  
0  0  
- 1  0 . 4  
- e r  - s r  
T i =  I I  s i  
c i  
0  
;  T 2  =  
1  
0  0  
;  T 3  =  
s *  
1  
- c i  
0  0  
1  
0  0  
1  0  0  
0 . 2  
0 . 4  
o r D  =  I I  0  
'  
3 r D  =  
0  
1  
1  
B y  w r i t t i n g  t h e  e q u a t i o n  ( 1 . 5 )  f o r  t h e  p o i n t  D ,  w e  g e t  
0 . 2  0 . 4  
0  =  T i T 2T 3  0  
1  1  
S i n c e  w e  o b t a i n  t w o  e q u a t i o n s ,  t h a t  a r e  
- 0 . 2 s i  +  0 . 4 c i  =  0 . 2  ;  
- 0 . 2 s i  +  0 . 4 c i  
0 . 4 s i  +  0 . 2 c i  - 0 . 4  
1  
0.4s~ +  0 . 2 c i  =  0 . 4 ·  
0 . 2  
0  
1  
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By solving t hese equations, we get 
cJ'. = 0.8; si = 0.6. 
In order define the velocity and acceleration,let us to determine the following matrices . 
-0.6 - 0.8 0 -1 0 0 - 0.6 0.8 0 
T '* -1 - 0.8 -0.6 0 . T'* -, 2- 0 - 1 0 . T '* -, 3- -0.8 -0.6 0 
0 0 0 0 0 0 0 0 0 
- 0.8 0.6 0 0 1 0 0.8 0.6 0 
T "* -1 - -0.6 -0.8 0 ;T "z = - 1 0 0 T"* -3 - -0.6 0.8 0 
0 0 0 0 0 0 0 0 0 
0 0.24 
* T'*T *T * 3 V1 = 1 2 3 ro = 0.2 * T *T '* T * 3 V 2=• 1 2 3 r D = -0.12 
0 0 
0.4 
* T *T *T'* 3 -V 3 = 1 2 3 r D - · 0 
0 
The point D is fixed with respect to the 'global reference. Therefore their components 
of velocity and acceleration in the global reference are equal to zero. By writting the 
velocity's equation (the equation (1.7)) for t he point D at the given instant of t ime and 
developping it we obtain 
Solving these equations we get 
'* 5.* 5 ' * 3 .* ' * 
'P2 = 3 'Pl = 3 W1 j r.p3 = -5r.p2 = -r.pl ' 
T he absolute angular velocities of the links BC and CD will be 
rv . * . * 8 . * 8 n* . * . * . * 5 ~ '2 = 'Pl + 'P2 = 3'P1 = 3 WI j ~ '3 = 'Pl + 'P2 + i.p3 = 3 W1 · 
In order to determine the acceleration let us write the matrix equation (1. 12) .For this 
aim, it is necessary to define the matrices v~ , v; , v~ , v1,2 , v1,3 , v2 ,3 at the given instant of 
time. 
' It is easy to obtain 
V '* - T "*T *T * 3r -1 - 1 2 3 ' D -
V '* - T *T *T "* 3r -3- 1 2 3 D-
-0.2 
0 
0 
0 
0.4 
0 
V ' * - T *T "*T * 3r -2 - 1 2 3 D -
T '*T '* T *3 ' V1,2 = 1 2 3 r D = 
0.12 
0.24 
0 
'CU2 
0.24 
0 
4 6  
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T ' * T * T ' *
3  
V 1 , 3  =  1  2  3  r  D  =  
I I  
0  
0 . 4  I I ;  v 2 , 3  =  T i T ' 2 T ' ' ? ,
3
r D  =  
0  
W r i t t i n g  t h e  e q u a t i o n  ( 1 . 1 2 )  a n d  d e v e l o p p i n g  i t  w e  g e t  
0  
0 . 4  
0  
0
x D  =  0 - - - +  0 . 2 4 c p 2  +  0 . 4 0 c p 3  - 0 . 2 0 0 ? *  +  0.120~* +  0 . 2 4 0 i < , 0 2 ,  
0  
. .  0  0 2 0 " *  0 1 2 " *  0 2 4 '
2
*  0 4 0 '
2
*  0 4 8 ' * ' *  
Y D  =  - - - +  ·  ' P 1  - ·  ' P 2  +  ·  ' P 2  +  ·  ' P 3  +  ·  ' P 1  ' P 2  ·  
B y  s u b s t i t u t i n g  
" *  " " *  ' *  5  ' *  ' *  ' *  " *  " *  " *  
' P 1  =  W 1 ,  ' P 1  =  E 1 ;  ' P 2  =  W 2  =  3 w 1 ;  ( { 1 3  =  - w 1 ,  E 2  =  ' P 1  +  ' P 2 ;  € 3  =  ' P 1  +  ' P 2  +  c p 3 ,  
i n t o  t h e  a b o v e  e q u a t i o n s  a n d  s o l v i n g  t h e m  w e  w i l l  d e t e r m i n e  t h e  a n g u l a r  a c c e l e r a t i o n s  o f  
t h e  c o n n e c t i n g  r o d  B C  a n d  t h e  b a r  D C ,  t h a t  a r e  
8  2 0  2  5  2 0  2  
E 2  =  - € 1  - - W I .  € 3  =  - € 1  - - W 1  ·  
3  9  ,  3  9  
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P H U O N G  P H A P  M A  TR~N T R U Y E N  K H A O  S A T  
'  ~ ~ 
C A C  c a  C A U  P H A N G  
T r o n g  b a i  b a o  d e  x u a t  m < ? t  p h U ' O ' U g  p h a p  k h a o  s a t  d i ? n g  h 9 c  c a c  C O '  c a u  p h i i n g ,  b a i  t o a n  d a n g  
d L r q c  q u a n  t a m  d o  d o i  h 6 i  c u a  p h a t  t r i e n  k y  t h u < % t , d i ; i c  bi~t t r o n g  c a c  b a i  t o a n  t o n g  h q p  v a  d i e u  
k h i e n  c h u y e n  d ( l n g .  T r o n g  p h l . l ' a n g  p h a p  d e  x u a t  d a  x a y  d i . m g  m i ? t  1 9  t r l n h  d a n  g i a n  d e  x a c  d j n h  
d t c  y e u  t o  h l n h  - a ( l n g  h 9 c  c u a  C C Y  c a u  ( v j  t r f ,  V~ll t o e ,  g i a  t o e )  .  .D~c bi~t t h e o  1 9  t r l n h  c f o q c  n e u  
c h o  p h e p  s u  d i , m g  ti~n ! q i  c a c  p h a n  m e m  c h u y e n  d 1 , m g  n l m  M A T C A D ,  M A P L E ,  a~ g i a i  q u y e t  c a c  
b a i  t o a n  d ( m g  h 9 c  c a c  c a  c a u  p h i : t n g .  
'  
